In this paper, a cosmological model with an isotropic form of the Morris-Thorne type wormhole was derived in a similar way to the McVittie solution to the black hole in the expanding universe.
I. INTRODUCTION
The solution to the black hole embedded in expanding universe has been familiar to relativists and cosmologists for a long time since McVittie derived a model [1] . The cosmological black hole solutions are more like a realistic model. Recently, the solutions also has attracted us because of the role of black hole in the expanding cosmological model. The evidences for the accelerating universe and dark energy forced the study of the cosmological black hole model. The interaction of black holes with dark energy distributed over the universe can be one of the most important issues. Moreover, they can show a generalized theory of global and local physics, that is interested in the unification of interactions [2] .
After McVittie solution there were several models of black hole in the universe. McVittie spacetime [1] was a spherically symmetric, shear free, perfect solution and was asymptotically Friedmann-Lemaître-Robertson-Walker (FLRW) model. In this model, matters were isotropically distributed and there was no-accretion onto the black hole centered at the FLRW universe. As generalizations of the McVittie solution, there were solutions of the charged black hole in expanding universe [3, 4] . Faraoni 
and Jacques obtained a generalized
McVittie solution without no-accretion condition [2] . Sultana-Dyer [5] got the extension of the geometry generated by conformally transforming the Schwarzschild metric with the scale factor of flat FLRW universe. Kottler [6] derived the solution of the Schwarzschild black hole in de Sitter background.
The research on wormhole is also an important issue in study of spacetime physics. The wormhole usually consists of exotic matter which satisfies the flare-out condition and violates weak energy condition [7, 8] , even though there have been attempts to construct wormhole with non-exotic matter [9] . There were also solutions of cosmological wormhole model as well as the cosmological black hole solutions. There was the solution of a wormhole in inflationary expanding universe model [10] . In this solution, the wormhole throat inflates at the same rate as that of the scale factor. Also there was a wormhole solution in FLRW cosmological model [11] . The solution also showed the expansion of the wormhole throat at the same rate as that of the scale factor. Hochberg and Kepart tried to extend the Visser type wormhole into a surgical connection of two FLRW cosmological models [12] . Similarly there was a solution for the connection of two copies of Schwarzschild-de Sitter type wormhole as the cosmological wormhole model [13] . There was a research on quantum cosmological approach by considering wave function of the de Sitter cosmological model with a wormhole [14] . Recently there was a cosmological wormhole solution [15] as a generalization of MT wormhole in FLRW universe, but there was a weak point that Einstein's equation could not be guaranteed.
First of all, it is necessary to find the exact solution of the cosmological wormhole model satisfying Einstein field equation. For reasons similar to black holes, the exact wormhole model embedded in the universe is very interesting to us. They will provide a lot of information to understand the relationship between wormhole matter and the background spacetime. Most of the previous cosmological wormhole solutions originated from the spacetime assumed to be plausible models. If a wormhole were in the expanding universe, it would interact with dark energy in some way that would be considered. The impacts on the spacetime are also very interesting. So we need to find the exact solution of wormhole universe to see its influence to the evolution of spacetime.
In the spacetime structure with strong gravity, the Hawking temperature is one of the issues focused on gravitation problem dealing with quantum phenomena. The Hawking temperature, derived from the definition of surface gravity at event horizon, is a good example of the semi-classical handling of quantum gravity. Usually the temperature is calculated from the surface gravity defined by Killing vector in static case. In the dynamic case, such as a black hole or a wormhole in expanding universe, the surface gravity at the event horizon is not constant. In this case, we need to adopt the Kodama vector [16] instead of the Killing vector, and try to find the corresponding physical quantities for the spacetime [17] . By using the WKB approximation to the tunneling method, the Hawking temperature is derived by comparing the thermal distribution and probability amplitude from Hamolton-Jacobi eqution [18] . There is also another way to find the probability amplitude from Hamilton's equation, which was designed by Parikh and Wilczek [19] . There is an example of Hawking temperature at apparent horizon of the FLRW model in both methods [20] .
In this paper, we have found the exact solution of the wormhole embedded in FLRW universe, the locations and the existence conditions of apparent horizon. The influence of wormhole matter to the structure of the apparent horizons was studied. The Hawking radiation was also discussed, and the temperature was also derived near the apparent horizon.
II. COSMOLOGICAL WORMHOLE MODEL

A. Isotropic Wormhole
Now we derive the exact model of the wormhole embedded in FLRW cosmology. First, we need to find the isotropic form of the wormhole model in order to derive the wormhole solution embedded in a cosmological model because of the isotropy of the cosmological models in this paper. The Morris-Thorne type wormhole (MT-wormhole) is given by [7] 
where Φ(r) is red-shift function and b(r) is the shape function. The geometric unit, that is, G = c =h = 1 is used here. The radial coordinate r is in the range of b < r < ∞. Two functions Φ(r) and b(r) are restricted by the 'flare-out condition' to maintain the shape of the wormhole. Because the wormhole has the structure that prevents the existence of the event horizon, wormhole can be used for two-way travel. Since MT-wormhole is spherically symmetric form, we introduce the new coordinates (t,r) to define the isotropic form of a wormhole as
In this paper, we treat the example of b(r) = 
where the integration constant is determined by the asymptotically flat condition. The new coordinater is given in terms of old coordinates r as
The old coordinate r and the radial factor B are given in terms ofr as
Thus the isotropic form of the static wormhole is
for the ultra-static case. In this isotropic wormhole model, the metric does not diverge at r = b 0 /2, while it diverges at r = b 0 in MT-wormhole. This is because this non-diversity is removed by the coordinate transformation. We can also transform the matter part of the old model [21] into new one by using the relationship between two coordinates (5). For wormhole solution, the matter components in new coordinates are
where ρ w , τ w , and P w are wormhole energy density, tension, and pressure, respectively. The negative density is still required for the isotropic form of wormhole model.
B. Exact Solution
From now on, we use un-tilde coordinate in isotropic form for convenience if only there are no confusions in the rest of this paper. The FLRW spacetime in isotropic form is given by [1] 
Here a(t) is the scale factor and k = 1/4R 2 , where R is the curvature, and k goes zero in case of flat FLRW spacetime. We start from the general isotropic metric element to see the unified wormhole in FLRW cosmological model as
Similar to the McVittie solution, the following matter distribution in the universe is assumed:
A spherical symmetric distribution of matter around the origin where there is a wormhole, no flow of the matter as a whole either towards or away from the origin, and isotropic pressure of matter in the universe. In addition to these assumptions, we add one more assumption that the local and the global matters are separate. Since the wormhole is a localized object, the matter of wormhole is separated from the cosmic matter, which is distributed over the universe. When we adopt the ansatz, the cosmological matter term is time-dependent and isotropic, while the wormhole matter term depends only on space and not necessarily isotropic as,
which were already used in the previous wormhole cosmological model [11] . If we estimate the orders of magnitude, ρ c c 2 ∼ 9 × 10 −10 J/m 3 over the universe and ρ w c 2 ∼
) 2 J/m 3 near throat, where ρ c is roughly the critical density for flat universe.
The wormhole matter is concentrated at or near throat and it decreases rapidly as 1/r 4 , as wee see in (7)- (10). Thus ρ c ρ w near throat at least.
Einstein's equation is given by
where κ = 8π. The non-zero components of Einstein tensor G µ ν are
Here dot denotes the derivation with respect to t and prime denotes the derivative with respect to r.
For the case of ultra-static observer (ζ = 0),
The general solution to (22) is
The time-dependent part α(t) relates with the scale factor, e α(t) ≡ a 2 (t), while β(r) determines curvature of background and wormhole spacetime, with the boundary condition
Since these two boundary conditions are dominant in the local and global regions, we can find the unified form of e β(r) . The limit r → b 0 /2 (or k = 0) represents the value of the wormhole throat, which is a local solution to the wormhole. The limit r → ∞ (or b 0 = 0) is an asymptotic solution away from the origin, that is, the metric of the FLRW cosmological model.
When we compare G 
For the cosmological term, p 1c = p 2c due to the isotropy, while p 1w = p 2w for the wormhole case. In case of the wormhole, p 1w is the negative value of the tension. If we use ansatz to separate temporal parts, as in the previous case (14) and (15), the equation contains only pure spatial parts as
Here we use the wormhole matter components of (8) 
with the boundary condition for FLRW model (24). The local wormhole solution β w (special solution) that satisfies (26) with the boundary condition (24) becomes
Thus the general solution to the equation (23) is e ν(r,t) = e α(t)+βc(r)+βw(r) = e α(t)
and the cosmological wormhole solution finally becomes
When we inverse-transform this spacetime, at least in k = 0 case, into the spherically symmetric type, it returns to the MT-wormhole times the time-dependent scale factor a 2 (t).
For flat FLRW universe, the spacetime is same form as the previous one [11] .
Now we found the exact solution of the wormhole in FLRW cosmological model. In this model, matters are separated into time-dependent part for cosmological background ρ c (t), and space-dependent part for wormhole ρ w (r). Apparently the cosmic part is coupled with wormhole part in spacetime metric of the cosmological wormhole as in (29). However, the wormhole matter does not affect cosmological background, since ρ w does not affect the term (1 + kr 2 ) determined by ρ c (t).
III. APPARENT HORIZONS AND CAUSAL STRUCTURES
To understand the causal structure of the spacetime, we should find and analyze the apparent horizons. If we redefine the new coordinate R from the spacetime (30) as
the metric can be rewritten as ds
). The location of the apparent horizon is defined from the relation h ab ∂ a R∂ b R = 0. When we see the metric, the apparent horizon is located at the position which satisfies the relation as
In the redefined coordinates system, ∆ appears as the coefficient of g tt and g RR for Schwarzschild-like metric. Simply we here see the k = 0 case, which is the wormhole spacetime in flat FLRW universe. In this case, r is given in terms of R by
There are two relations between r and R, but the plus sign is chosen only due to the positive nature of r. When R = a(t)b 0 , two relations meet and r = R/2a. By putting this (34) into relation (33), we get the location of the apparent horizons at As shown in Fig. 1 , the equation ∆ = 0 provides two, one, or zero solutions, depending on the relative values of b(t) for 1/(2H) = R H /2. Since we treat the isotropic coordinate in cosmological wormhole, the minimum is the half value of the spherically symmetric case as in (4) and the comparison of R min to R H /2 is reasonable. We will consider the three cases for the solution to ∆ = 0.
Case 1: b(t) < R H /2. In this case there are two horizons: the larger is R + and the smaller is R − . The former is the cosmological horizon and the latter is the size of the wormhole throat in the expanding universe. The fact that R + < R H means that the wormhole reduces the Hubble horizon to a smaller size and b(t) < R − indicates that the cosmological background enlarges the wormhole throat size. Only in R − < R < R + , the coordinate t is timelike and R is spacelike. In the region b < R < R − or R + < R < R H , the role of time and space coordinates is reversed. The coordinate R is limited to R > R − similar to a static wormhole, so we will do not consider the region smaller than R − .
Case 2: When b(t) = R H /2, two horizons coincide and there is only one horizon, such as
. In this case the metric coefficient ∆ is negative except for that point.
Case 3: If b(t) > R H /2, there is no apparent horizon. In this case, the coefficient ∆ is always negative (never zero). Thus the coordinate t is spacelike and R is timelike. There is no regular region. This relationship shows that the size of the scaled wormhole throat can't be larger than the half of the FLRW Hubble horizon, if horizons should exist. The apparent horizons R ± are produced from the wormhole matter ρ w of b 0 and its coupling to the cosmic matter ρ c of a(t). The equation (7) shows that the b 0 can be expressed by the peak of wormhole energy density. This value is equal to the energy density at throat of the wormhole as
where ρ p w is the peak of ρ w (r). The most part of energy is distributed near the throat of the wormhole. The term a 2 H 2 is determined by the distribution of the cosmic matter ρ c , for example,
in case of P c = ωρ c , where ρ c0 is the current mass density of the cosmic matter. Thus the (See Fig. 3 ). The exotic matter shrinks the horizons of the universe to a smaller size in both microscopic and macroscopic directions. In Fig. 2 and 3, the horizons appear and disappear in reverse, because b 0 and |ρ p w | have a relationship (36).
In Schwarzschild-like coordinate, the Misner-Sharp-Hermandez mass is derived as usual,
from the definition Solid line is R + , dashed line is R − , and dash-dot line is R H . The apparent horizons begin to appear at |ρ p w |/ρ c0 = 4/3. Here we set H = 0.05.
IV. HAWKING TEMPERATURE
We can see the quantum nature of the spacetime by calculating the Hawking temperature near horizon. In order to discuss the Hawking radiation, we use coordinates (t, R) to rewrite the metric as
where b = a(t)b 0 . The Kodama vector is
where
. We should consider a particle of mass m moving radially under the background of FLRW wormhole spacetime. The Hamilton-Jacobi equation is
One can define the energy ω and momentum k R with the Kodama vector similar to the case of FLRW univere [20] as
Therefore, the action S can be written as
The Hamilton-Jacobi equation with the action is
and the solution to k R is
where λ =
. We choose minus sign for incoming mode since the observer is inside the apparent horizon similarly to the FLRW case [20] . Through the contour integral, we get
Here we integrate out over the region larger than R − such that there is only one pole on the contour. In the WKB approximation, the emission rate is proportional to the square of the tunneling amplitude, Γ ∝ exp(−2 Im S). By comparing with the form of the thermal spectrum Γ ∼ exp(−ω/T ), we thus obtain the Hawking temperature as
We can also derive the Hawking temperature using the Hamilton's equation alonng the way by Parikh and Wilczek [19] . As the case of de Sitter space [23] and FRW spacetime [20] , we will take the s-wave approximation of a massless particles tunneling across the horizon.
The emission rate can be related to the imaginary part of the action of a system. The radial null geodesic of the metric iṡ
where we take the minus (-) sign which corresponds to a incoming null geodesic. The imaginary part can be
where p R is the radial momentum, R i is the initial position, slightly outside the apparent horizon and R f is a classical turning point. By the Hamiltonian equation,
HereĤ is the Hamiltonian of the particle, the generator of the cosmic time t as we see in the action. We can calculate the imaginary part of the action as
From this value, we also get the Hawking temperature as
The result gives the same Hawking temperature as the previous derived one (48) by
Hamilton-Jacobi equation.
V. CONCLUSION
In conclusion, we would like to remark the following three points.
First, we derived the exact solution of a wormhole embedded in expanding universe in this paper. The background universe model was FLRW. There were several solutions based on the generalization of the isotropic wormhole solution. For example [15] , they have generalized the static wormhole metric as a time-dependent cosmological wormhole metric by introducing two functions w(t, r) and q(t, r) similar to the solution of the charged black hole in the unverse [4] , as
Here, w(t, r) is related to the background cosmological model and q(t) is related to the time-dependent wormhole shape. In this generalization, there is not any coupling term of wormhole and cosmological background. Moreover, the Einstein's equation was not guaranteed. They simply showed additive generalization in their final solution with the wormhole part and the spatial curvature part of cosmological model. Second, we also found that the number of apparent horizons of the model are depends on the value of b(t)H. The values also shown the physically reasonable regions such as timelike t-and spacelike R-coordinates. The apparent horizons were similar to the Vaidya-de Sitter spacetime with a cosmological horizon and a black hole horizon [22] . Of course, in the black hole spacetime, the causal structure inside the event horizon was reversed compared to the outer spacetime. However, we did not need the region with smaller radius than the wormhole horizon. As a result, the larger cosmological horizon was reduced by wormhole and the smaller wormhole throat size was enlarged by the cosmological background.
Third, the Hawking temperature was calculated along the contour of the action from
Hamilton-Jacobi equation. Even if we use Hamilton's equation, the result was the same.
Along the contour, we adopted only one pole due to the limitation of R > R − , while there was the effective temperature from both temperatures according to the previous two horizons in Vaidya-de Sitter spacetime [22] .
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